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ON PRESENTATIONS OF GENERALIZATIONS OF BRAIDS WITH FEW
GENERATORS
V. VERSHININ
Abstract. In his initial paper on braids E. Artin gave a presentation with two generators for
an arbitrary braid group. We give analogues of this Artin’s presentation for various generaliza-
tions of braids.
The diverse aspects of presentations of braid groups and their generalizations continue to
attract attention [12], [5], [15].
The canonical presentation of the braid group Brn was given by E. Artin [1] and is well
known. It has the generators σ1, σ2, . . . , σn−1 and relations{
σiσj = σj σi, if |i− j| > 1, i, j = 1, ..., n− 1;
σiσi+1σi = σi+1σiσi+1, i = 1, ..., n− 2.
There exist other presentations of the braid group. J. S. Birman, K. H. Ko and S. J. Lee [5]
introduced the presentation with generators ats with 1 ≤ s < t ≤ n and relations{
atsarq = arqats for (t− r)(t− q)(s− r)(s− q) > 0,
atsasr = atrats = asratr for 1 ≤ r < s < t ≤ n.
The generators ats are expressed in the canonical generators σi as follows:
ats = (σt−1σt−2 · · ·σs+1)σs(σ
−1
s+1 · · ·σ
−1
t−2σ
−1
t−1) for 1 ≤ s < t ≤ n.
An analogue of the Birman-Ko-Lee presentation for the generalizations of braids (namely, for
the singular braid monoid) was obtained in [15].
In the initial paper [1] Artin gave another presentation of the braid group, with two genera-
tors, say σ1 and σ, and the following relations:
(1)
{
σ1σ
iσ1σ
−i = σiσ1σ
−iσ1 for 2 ≤ i ≤ n/2,
σn = (σσ1)
n−1.
The connection with the canonical generators is given by the formulae:
(2) σ = σ1σ2 . . . σn−1,
(3) σi+1 = σ
iσ1σ
−i, i = 1, . . . n− 2.
This presentation was also discussed in the book by H. S. M. Coxeter and W. O. J. Moser
[8].
It is interesting to obtain the analogues of the presentations of the type (1) for various
generalizations of braids [6], [9], [2], [4], [11], [14].
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Figure 1.
Let us consider the braid group of a sphere Brn(S
2). It has the presentation with generators
δi, i = 1, ..., n− 1 and relations:

δiδj = δj δi, if |i− j| > 1,
δiδi+1δi = δi+1δiδi+1,
δ1δ2 . . . δn−2δ
2
n−1δn−2 . . . δ2δ1 = 1.
This presentation was find by O. Zariski [16] in 1936 and rediscovered later by E. Fadell and
J. Van Buskirk [10] in 1961. From this presentation one can easily obtain the presentation with
two generators δ1, δ and the following relations:

δ1δ
iδ1δ
−i = δiδ1δ
−iδ1 for 2 ≤ i ≤ n/2,
δn = (δδ1)
n−1,
δn(δ1δ
−1)n−1 = 1.
Another generalization of braids is the Baez–Birman monoid SBn which is also called as
singular braid monoid [2], [4]. It is defined as a monoid with generators σi, σ
−1
i , xi, i = 1, . . . , n−
1, and relations
(4)


σiσj = σjσi, if |i− j| > 1,
xixj = xjxi, if |i− j| > 1,
xiσj = σjxi, if |i− j| 6= 1,
σiσi+1σi = σi+1σiσi+1,
σiσi+1xi = xi+1σiσi+1,
σi+1σixi+1 = xiσi+1σi,
σiσ
−1
i = σ
−1
i σi = 1.
In pictures, σi corresponds to the canonical generator of the braid group and xi represents an
intersection of the ith and (i + 1)st strand as in Figure 1. The singular braid monoid on two
strings SB2 is isomorphic to Z⊕ Z
+.
Motivation for the introduction of this object was the Vassiliev – Goussarov theory of finite
type invariants.
Let Fn be a free group on n generators x1, . . . , xn and AutFn its automorphism group. The
braid-permutation group BPn, considered by R. Fenn, R. Rima´nyi and C. Rourke [11], is the
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subgroup of AutFn, generated by two sets of the automorphisms: σi

xi 7→ xi+1,
xi+1 7→ x
−1
i+1xixi+1,
xj 7→ xj , j 6= i, i+ 1,
and ξi: 

xi 7→ xi+1,
xi+1 7→ xi,
xj 7→ xj , j 6= i, i+ 1.
R. Fenn, R. Rima´nyi and C. Rourke proved [11] that this group is given by the set of generators:
{ξi, σi, i = 1, 2, ..., n− 1} and relations:

ξ2i = 1,
ξiξj = ξjξi, if |i− j| > 1,
ξiξi+1ξi = ξi+1ξiξi+1.
The symmetric group relations{
σiσj = σjσi, if |i− j| > 1,
σiσi+1σi = σi+1σiσi+1.
The braid group relations

σiξj = ξjσi, if |i− j| > 1,
ξiξi+1σi = σi+1ξiξi+1,
σiσi+1ξi = ξi+1σiσi+1.
The mixed relations
R. Fenn, R. Rima´nyi and C. Rourke also gave a geometric interpretation of BPn as a group
of welded braids.
Let us obtain a presentation of the singular braid monoid and the braid-permutation group
analogous to (1). If we add the new generator σ, defined by (2) to the set of generators of SBn
then the following relations hold
(5) xi+1 = σ
ix1σ
−i, i = 1, . . . n− 2.
This gives a possibility to get rid of xi, i ≥ 2.
Theorem 1. The singular braid monoid SBn has a presentation with generators σ1, σ
−1
1 , σ,
σ−1 and x1 and relations
(6)


σ1σ
iσ1σ
−i = σiσ1σ
−iσ1 for 2 ≤ i ≤ n/2,
σn = (σσ1)
n−1,
x1σ
iσ1σ
−i = σiσ1σ
−ix1 for i = 0, 2, . . . , n− 2,
x1σ
ix1σ
−i = σix1σ
−ix1 for 2 ≤ i ≤ n/2,
σnx1 = x1σ
n,
x1σσ1σ
−1σ1 = σσ1σ
−1σ1σx1σ
−1,
σ1σ
−1
1 = σ
−1
1 σ1 = 1,
σσ−1 = σ−1σ = 1.
4 V. VERSHININ
Proof. We follow the original Artin’s proof [1] and we begin with the presentation of SBn using
the generators σi, σ
−1
i , xi, i = 1, . . . , n− 1, and relations (4). Then we add the new generators
σ, σ−1, relation (2) and the following relations
σσ−1 = σ−1σ = 1.
Consider σxi. Using the braid relations in the same way as Artin considered σσi we have
σxi = σ1 . . . σn−1xi = σ1 . . . σiσi+1xiσi+2 . . . σn−1 =
= σ1 . . . xi+1σiσi+1σi+2 . . . σn−1 = xi+1σ.
We arrive thus at relations (3) and (5). Now we can get rid from the fifth relation in (4).
First of all using (3) and (5) it is reduced to the case i = 1, which is considered as follows: x1
commutes with σ−12 σ
−1
1 σ:
x1σ
−1
2 σ
−1
1 σ = σ
−1
2 σ
−1
1 σx1 = σ
−1
2 σ
−1
1 x2σ.
So, we obtain
x1σ
−1
2 σ
−1
1 = σ
−1
2 σ
−1
1 x2.
This is equivalent to the fifth relation in (4) for i = 1. Using (3) and (5) the sixth relation in
(4) is reduced to the case i = 1, which is the sixth relation in (6).
The third and forth relations in (6) are easy consequences of the corresponding relations
in (4) and (3) and (5). The fifth relation in (6) is a consequence of the definition of σ and
the singular braid relations (4). The third relation in (4) is obtained from the forth and fifth
relations in (6) in the same way as Artin obtained the commutation of σi and σj from the
relations in (1). Essentially, Artin used the fact that it follows from the second relation in (1)
that σn is in the center of Brn. Here we need the fifth relation in (6) to have this fact in SBn.
The third relation in (4) in the new generators is rewritten as follows
σix1σ
−iσjσ1σ
−j = σjσ1σ
−jσix1σ
−i,
what is equivalent to
x1σ
j−iσ1σ
i−j = σj−iσ1σ
i−jx1.
If j > i then this is exactly the third relation in (6), if j < i then it follows from the third
relation in (6) by conjugation by σn and using the commutation of σn with x1. 
For the case of the braid-permutation group SBn we also add the new generator σ, defined
by (2) to the set of standard generators of BPn; then relations (3) and the following relations
hold
ξi+1 = σ
iξ1σ
−i, i = 1, . . . , n− 2.
This gives a possibility to get rid of ξi as well as of σi for i ≥ 2.
Theorem 2. The braid-permutation group BPn has presentation with generators σ1, σ, and ξ1
and relations 

σ1σ
iσ1σ
−i = σiσ1σ
−iσ1 for 2 ≤ i ≤ n/2,
σn = (σσ1)
n−1,
ξ1σ
iσ1σ
−i = σiσ1σ
−iξ1 for i = 2 . . . n− 2,
ξ1σ
iξ1σ
−i = σiξ1σ
−iξ1 for i = 2 . . . n− 2,
ξ1σξ1σ
−1σ1 = σσ1σ
−1ξ1σξ1σ
−1,
ξ1σξ1σ
−1ξ1 = σξ1σ
−1ξ1σξ1σ
−1,
ξ2 = 1.

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Let us consider the generalized braid groups in the sense of Brieskorn (or so the called Artin
groups) [6]. It is easy to see that for the braid groups of type Bn from the canonical presentation
with generators σi, i = 1, . . . , n− 1 and τ , and relations:

σiσj = σjσi, if |i− j| > 1,
σiσi+1σi = σi+1σiσi+1,
τσi = σiτ, if i ≥ 2,
τσ1τσ1 = σ1τσ1τ,
we can obtain the presentation with three generators σ1, σ and τ and the following relations:
(7)


σ1σ
iσ1σ
−i = σiσ1σ
−iσ1 for 2 ≤ i ≤ n/2,
σn = (σσ1)
n−1,
τσiσ1σ
−i = σiσ1σ
−iτ for 2 ≤ i ≤ n− 2,
τσ1τσ1 = σ1τσ1τ.
If we add the following relations {
σ21 = 1,
τ 2 = 1
to (7) we then arrive at a presentation of the Coxeter group of type Bn.
Similarly, for the braid groups of the type Dn from the canonical presentation with generators
σi and ρ, and relations: 

σiσj = σjσi if |i− j| > 1,
σiσi+1σi = σi+1σiσi+1,
ρσi = σiρ if i = 1, 3, . . . , n− 1,
ρσ2ρ = σ2ρσ2,
we can obtain the presentation with three generators σ1, σ and ρ and the following relations:
(8)


σ1σ
iσ1σ
−i = σiσ1σ
−iσ1 for 2 ≤ i ≤ n/2,
σn = (σσ1)
n−1,
ρσiσ1σ
−i = σiσ1σ
−iρ for i = 0, 2, . . . , n− 2,
ρσσ1σ
−1ρ = σσ1σ
−1ρσσ1σ
−1.
If we add the following relations {
σ21 = 1,
ρ2 = 1
to (8) we come to a presentation of the Coxeter group of type Dn.
For the exceptional braid groups of types E6 − E8 our presentations look similar to the
presentation for the groups of type D (8). We give it here for E8: it has three generators σ1, σ
and ω and the following relations:
(9)


σ1σ
iσ1σ
−i = σiσ1σ
−iσ1 for i = 2, 3, 4,
σ8 = (σσ1)
7,
ωσiσ1σ
−i = σiσ1σ
−iω for i = 0, 1, 3, 4, 5, 6,
ωσ2σ1σ
−2ω = σ2σ1σ
−2ωσ2σ1σ
−2.
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Similarly, if we add the following relations{
σ21 = 1,
ω2 = 1
to (9) we arrive at a presentation of the Coxeter group of type E8.
As for the other exceptional braid groups, F4 has four generators and it follows from its
Coxeter diagram that there is no sense to speak about analogues of the Artin presentation (1),
G2 and I2(p) already have two generators and H3 has three generators. For H4 it is possible
to diminish the number of generators from four to three and the presentation will be similar to
that of B4.
We can summarize informally what we were doing. Let a group have a presentation which
can be expressed by a “Coxeter-like” graph. If there exists a linear subgraph corresponding to
the standard presentation of the classical braid group, then in the “braid-like” presentation of
our group the part that corresponds to the linear subgraph can be replaced by two generators
and relations (1). This re can be applied to the complex reflection groups [13] whose “Coxeter-
like” presentations is obtained in [7], [3]. For the series of the complex braid groups B(2e, e, r),
e ≥ 2, r ≥ 2 which correspond to the complex reflection groups G(de, e, r), d ≥ 2 [7] we take
the linear subgraph with nodes τ2, . . . , τr, and put as above τ = τ2 . . . τr. The group B(2e, e, r)
have presentation with generators τ2, τ , σ, τ
′
2 and relations
(10)


τ2τ
iτ2τ
−i = τ iτ2τ
−iτ2 for 2 ≤ i ≤ r/2,
τ r = (ττ2)
r−1,
στ iτ2τ
−i = τ iτ2τ
−iσ, for 1 ≤ i ≤ r − 2,
στ ′2τ2 = τ
′
2τ2σ,
τ ′2ττ2τ
−1τ ′2 = ττ2τ
−1τ ′2ττ2τ
−1,
ττ2τ
−1τ ′2τ2ττ2τ
−1τ ′2τ2 = τ
′
2τ2ττ2τ
−1τ ′2τ2ττ2τ
−1,
τ2στ
′
2τ2τ
′
2τ2τ
′
2 . . .︸ ︷︷ ︸
e+1 factors
= στ ′2τ2τ
′
2τ2τ
′
2τ2 . . .︸ ︷︷ ︸
e+1 factors
.
If we add the following relations 

σd = 1,
τ 22 = 1,
τ2
′2 = 1
to (10) we come to a presentation of the complex reflection group G(de, e, r).
The braid group B(d, 1, n), d > 1, has the same presentation as the Artin – Brieskorn group
of type Bn, but if we add the following relations{
σ21 = 1,
τd = 1
to (7) then we arrive at a presentation of the complex reflection group G(d, 1, n), d ≥ 2.
For the series of braid groups B(e, e, r), e ≥ 2, r ≥ 3 which correspond to the complex
reflection groups G(e, e, r), e ≥ 2, r ≥ 3 we take again the linear subgraph with the nodes
τ2, . . . , τr, and put as above τ = τ2 . . . τr. The group B(e, e, r) may have the presentation with
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generators τ2, τ , τ
′
2 and relations
(11)


τ2τ
iτ2τ
−i = τ iτ2τ
−iτ2 for 2 ≤ i ≤ r/2,
τ r = (ττ2)
r−1,
τ ′2ττ2τ
−1τ ′2 = ττ2τ
−1τ ′2ττ2τ
−1,
ττ2τ
−1τ ′2τ2ττ2τ
−1τ ′2τ2 = τ
′
2τ2ττ2τ
−1τ ′2τ2ττ2τ
−1,
τ2τ
′
2τ2τ
′
2τ2τ
′
2 . . .︸ ︷︷ ︸
e factors
= τ ′2τ2τ
′
2τ2τ
′
2τ2 . . .︸ ︷︷ ︸
e factors
.
If e = 2 then this presentation is the same as for the presentaion for the Artin – Brieskorn
group of type Dr (8). If we add the following relations{
τ 22 = 1,
τ2
′2 = 1
to (11), then we obtain a presentation of the complex reflection group G(e, e, r), e ≥ 2, r ≥ 3.
As for the exceptional (complex) braid groups, it is reasonable to consider the groupsBr(G30),
Br(G33) and Br(G34) which correspond to the complex reflection groups G30, G33 and G34.
The presentation for Br(G30) is similar to the presentation (7) of Br(B4) with the last
relation replaced by the relation of length 5: the three generators σ1, σ and τ and the following
relations:
(12)


σ1σ
2σ1σ
−2 = σ2σ1σ
−2σ1,
σ4 = (σσ1)
3,
τσiσ1σ
−i = σiσ1σ
−iτ for i = 2, 3,
τσ1τσ1τ = σ1τσ1τσ1.
If we add the following relations {
σ21 = 1,
τ 2 = 1
to (12), then we obtain a presentation of complex reflection group G30.
As for the groups Br(G33) and Br(G34), we give here the presentation for the letter one
because the “Coxeter-like” graph forBr(G33) has one node less in the linear subgraph (discussed
earlier) than that of Br(G34). This presentation has the three generators s, z (z = stuvx in
the reflection generators) and w and the following relations:
(13)


szisz−i = zisz−is for i = 2, 3,
z6 = (zs)5,
wzisw−i = zisz−iw for i = 0, 3, 4,
wzisz−iw = zisz−iwzisz−i for i = 1, 2,
wz2sz−2wzsz−1wz2sz−2 = zsz−1wz2sz−2wzsz−1w.
The same way if we add the following relations{
s2 = 1,
w2 = 1
to (13), then we come to a presentation of the complex reflection group G34.
We can obtain presentations with few generators for the other complex reflection groups
using the already observed presentations of the braid groups. For G25 and G32 we can use
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the presentations (1) for the classical braid groups Br4 and Br5 with the only one additional
relation {
σ31 = 1.
The author expresses his gratitude to V. P. Lexine for useful advices.
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